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Abstract-The paper deals with finite strain generalization of small-strain constitutive equations
for isotropic materials for which the strain is split into a volumetric part and a deviatoric part (the
latter characterizing the isochoric strain, i,e, a strain at constant volume), The volumetric-deviatoric
split has so far been handled by a multiplicative decomposition of the transformation tensor; but
the existing sophisticated complex constitutive models for small strains ofcohesive pressure-sensitive
dilatant materials, such as concrete and geomaterials, involve an additive decomposition and would
be difficult to convert a multiplicative decomposition. It is shown that an additive decomposition
of any finite strain tensor, and of the Green-Lagrange strain tensor in particular, is possible,
provided that the higher-order terms of the deviatoric strain tensor are allowed to depend on the
volumetric strain, This dependence is negligible for concrete and geomaterials because the volumetric
strains are normally small, whether or not the deviatoric strains are large, Furthermore, the related
question of the choice of the finite-strain measure to be used for the finite-strain generalization is
analysed, A transformation of the Green-Lagrange finite strain tensor whose parameters approxi­
mately reflect the degrees of freedom equivalent to replacing the small strain tensor by any other
possible finite strain measure is proposed, Finally a method by which the stress tensor that is work­
conjugate to any finite strain tensor can be converted to the Green-Lagrange strain tensor is
presented, Copyright © 1996 Elsevier Science Ltd,

1. INTRODUCTION

Driven by applications in metal forming, the plastic constitutive relations for large strains,
requiring the finite strain theory, have been studied extensively and important results have
been achieved (Fox, 1968; Green and Naghdi, 1971; Kroner, 1960; Lee, 1969; Lee and
Lui, 1967; Lubliner 1986; 1990; Mandel, 1973; 1976; Mandel et al., 1977; McMeeking
and Rice, 1975; Naghdi and Trapp, 1975; Pinski et al., 1983; Gurtin and Spear, 1983;
Atluri, 1984; Rubinstein and Atluri, 1983; Simo, 1985; 1988; Simo and Ortiz 1985;
Rice, 1970; with further references). The existing results, however, concern mostly metal
plasticity. They are not applicable to cohesive frictional dilatant pressure-sensitive materials,
e,g. concretes, rocks, soils, Yet, finite-strain constitutive relations for such materials are
needed for the analysis of impact, blast or earthquake.

Normally, it is hardly possible to identify a finite-strain constitutive relation directly
by fitting large-deformation test data. Rather, the feasible strategy is to generalize existing
small-strain constitutive relations to finite strain by introducing only a few additional
material parameters, The reason is that much is known about small-strain constitutive
relations for such materials, while at the same time a uniform finite strain field is next to
impossible to achieve in most types of large deformation tests. Therefore, the additional
parameters of finite-strain generalization of the small-strain constitutive relation need to
be calibrated by large deformation tests of structures, accepting nonuniformity of the strain
field.

In the existing isotropic small-strain constitutive relations for materials such as con­
cretes and geomaterials, the stresses and strains are normally separated into additive
volumetric and deviatoric parts, It would be convenient to preserve the additivity of
volumetric and deviatoric parts even for finite strains, but the existing formulation is a
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multiplicative split of Green's deformation tensor. This paper, based on a recent conference
presentation (Bazant, 1995), will examine whether an additive split may be possible. It will
also address the question of the additional degrees of freedom which ought to be exhibited
by the finite-strain generalization in order to reflect the arbitrariness in the choice of the
finite strain measure, and study the related problem of converting the stress tensor work­
conjugate to any finite strain tensor into the Green-Lagrange strain tensor.

2. VOLUMETRIC-DEVIATORIC SPLIT OF FINITE STRAIN

2.1. Additivity for Green-Lagrange finite strain tensor
Let us begin with an elementary, first-principles approach to the first problem. We

consider the Green-Lagrange finite strain tensor,

(1)

where the numerical subscripts refer to Cartesian coordinates Xi of material points in their
initial locations (Lagrangean coordinates), Ui = Xi-X, = components of displacements of
the material points, X, = coordinates of material points in the final deformed state,
Ui./ = gradient Ui, Fi.j = oxtfoXj = ui.j+ c5ij = components of the transformation tensor F,
and c5ij = Kronecker delta. The derivatives, denoted by a subscript preceded by a comma,
are the derivatives with respect to X" e.g. ui.j = outfoXj. For pressure-sensitive dilatant
materials, £il needs to be decomposed into volumetric and deviatoric finite strain tensors
£v and £D'

" For s~all strains, the relative volume change is given by the trace £kk, but not for finite
strains. The trace can, in fact, be greatly in error. This can be made conspicuous by the
following example. Consider that F ll = 0.50, F22 = 1.25, F33 = 1.55, F2l = - 0.55, with all
other Fij = O. Calculations give £11 = -0.224, £22 = 0.281, £33 = 0.701, £[2 = £21 = -0.344,
with all other £ij = O. The relative volume change (Vo+~V)/Vo = detF-l = -0.0312,
while £kk = 0.759.

It is helpful to recall the elementary derivation of the Green-Lagrange finite strain
tensor £ij' Consider the initial line segment dXi transforming into dxi. The finite strain
tensor £ij is defined by setting dXkdxk - dXkdXk = 2£ijdXidXj. Substituting Xi = Xi +Ui,
dXk = xudXi and adopting the notation Xu = OXk/OX" one gets

2£ijdXidXj = xudXixk.jdXj - dXkdXk = [(Xk+ud,;(Xk+Uk),j - c5;JdXidXj, (2)

in which one may substitute Xk.i = aXdaxi = c5ki . Since this relation must hold for any dXi,
we have 2£,j = (c5ki+Uk,;) (c5kj+Uk.,) - c5 ij = Uk.i+ Uk.j+ Uk.iUk.}, which yields eqn (1).

Let us now proceed similarly, imagining that a small material element is deformed in
two steps (Fig. 2a). In the first step, the element is subjected to pure volumetric (isotropic)
expansion (i.e. same expansion in all directions), without any rotation. During this expan­
sion, the point of initial coordinates Xi moves to a point of intermediate coordinates
~i = Xi +u;, and line segment dXi transforms to line segment d~i (Figs I and 2b). In the

Deviatoric
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Fig. 1. Coordinates and displacements.
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Fig. 2. (a) Volume expansion ofelementary cube of material, (b) subsequent deviatoric deformation,
and (c) subsequent rotation.

second step, the material element is transformed by deformation at no change of volume
(Fig. 2b) and then is subjected to a rigid-body rotation (Fig. 2c), in which the volume
change is also zero. In this transformation, the point at coordinates ~,moves to Xi = X,+ Ui,

and segment d~i transforms to dX i (Fig. I). Let Co be the engineering strain (or Biot
strain) giving the relative volume change, that is, d~i = (1+co)dXi. Then (Vo+dV)j
Vo = (1 +cO)3 = detFij = J, where J = Jacobian of the transformation from X, to Xi>

VO = initial volume of small material element, and d V = volume increment. So we have,

(3)

Let us now denote u7 = X, -~, = displacements during the second transformation with zero
volume change. Noting that a~kja~i = Jk" we may write

(4)

Now, substituting d~, = (1 + co) dX" we may further write:

(5)

in which

(6)

represents the Green-Lagrange finite strain tensor for the deviatoric transformation taken
alone. The total change of length of the line segment may now be expressed as follows:

2ci} dX, dX; = dXk dXk - dXk dXk

= [(1 +cof(J'j+2d,J -J,J dXidXj

= {[(1 +co)2 -1]Ji}+2(1 +co)2dd dXidXj

= 2(cV
ii
+CD,) dX, dX;

in which we introduced the notations:

(7)
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s: I 2cy. = CyUij, cy = co + -2 co .
'J .

(8)

(9)

Comparing the first and last expressions in eqn (7), we conclude that

(10)

Here co = additive finite strain tensor for deviatoric deformation; bj;By = cy = Green-
~ ~

Lagrange volumetric finite strain tensor, which is the same as the Green-Lagrange finite
strain tensor for the initial volumetric transformation taken alone. As we see from eqn (10),
the volumetric and deviatoric strain tensors, as defined here, are additive.

It should be noted that co
i
} is not a deviatoric tensor, i.e. its trace cOkk in general does

not vanish. For this reason, cD would better be called isochoric, which means "at constant
volume". However the term "deviatoric", which we use solely to refer to a deviation from
volumetric deformation, has already become too established to change it.

The basic requirements for cv and cD to be volumetric and deviatoric tensors is that
I} I)

cy must vanish for purely deviatoric deformation (co = 0) and co must vanish for purely
I} lJ

volumetric deformation (u;' = 0). These requirements are obviously satisfied.
The fact that the additive deviatoric strains cD are not independent of volume change

'J

calls for discussion. In this regard, three observations should be made:

(I) With the exception of highly porous materials, e.g. foams, co is normally very small
and the strain is large only because of large deviatoric deformations. For example at
hydrostatic pressure (To = - 300,000 psi (probably the highest tested), the volume strain of
concrete of uniaxial compression strength f;. ~ 4000 psi is only about Co = - 3% (Bazant
et al., 1986), in which case (l +cO)2 = 0.94 ~ 1. Higher pressures can hardly ever occur in
engineering applications. Typically, l(Tol < 10,000 psi, and then Icol < 0.1 % and (1 +cO)2
differs from I by less than 0.2%. Therefore, the dependence of cOij on (1 +co? does not
appear a problem for such applications.

(2) In frictional materials, e.g. concretes, rocks or soils, the deviatoric stresses depend
not only on the deviatoric strains, but also on the hydrostatic pressure (To, which in turn
depends on co' Thus, the dependence of cD on Co means that volumetric deformation alone
modifies the value of deviatoric strain. Thi'~ may cause some modeling difficulties, although
it is probably possible to compensate for this effect at least approximately by modifying
the effect of volumetric strain in the constitutive equation for deviatoric behavior.

(3) For highly compressible materials, e.g. foams, an acceptable form of additivity
can be achieved only by using the logarithmic (Hencky) finite strain tensor, which will be
discussed later.

2.2. Additivity for a general class offinite strain tensors
Let us now consider the question of additive decomposition for other types of finite

strain tensors. First, let us briefly recall how the multiplicative decomposition of finite strain
into volumetric and deviatoric parts (Flory, 1961; Sidoroff, 1974; Ogden, 1984; Simo,
1988; Lubliner, 1990) is obtained: Let ~i be the coordinates of material points after the
deviatoric deformation and before the rigid body rotation R. Then

(11)

(12)

Here, Fij , Rij , Uij , Uy and Fo are the components of the total transformation tensor F,
IJ IJ
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rotation tensor R, right-stretch tensor U = jiTi, and volumetric and deviatoric trans­
formation tensors Uv and FD , respectively. By comparison of eqns (II) and (12),

(13)

(Flory, 1961; Sidoroff, 1974; Simo, 1988; Lubliner, 1990). Furthermore, F = RU =

RFDUv. Because Uv = Jl/3I, we have, in view of eqn (13), FD= J- 1
/
3u. So, tensor FD

is symmetric. Tensor Uv is of course symmetric too.
Consider a very general class of finite strain tensors, called the Doyle-Ericksen (1956)

tensors (also, e.g. Baiant and Cedolin, 1991, Sec. Il.l):

(14)

where m is any real number; 8(2) = Green-Lagrange tensor in egn (I), 8(1) = Biot finite
strain tensor, and 8(0) = logarithmic finite strain tensor. The following transformations are
now possible for m =1= 0 :

in which

8(m) = m- 1 [(pTF)m/2 - I] = m- 1 [(FbFDJ 2i3)m/2 - I]

= m- 1[(pTFD )m/2r!3 - I] = 8~) +8t") (15)

(16)

(17)

and UD = (F~FD)I/2 = FD = right stretch tensor for the deviatoric transformation alone.
Similarly, for m = 0:

where

8~) = In Jm:Uv = (~lnJ)I, 8~) = InJF~FD = In UD.

(18)

(19)

Note that for m = 2, egns (16) and (17) reduce to egns (8) and (9). Further, note that
tensor 8~m) vanishes when the volume change is zero (or J = 1) and that tensor 8~) vanishes
when the deformation is a pure isotropic expansion (FD = I) and that they are both
independent of rigid body rotation. This confirms that they indeed represent the volumetric
and deviatoric deformations. The tensor 8~m) is volumetric because it vanishes for purely
deviatoric deformations (FD = F, Uv = I), and tensor eg') is deviatoric because it vanishes
for purely volumetric deformations (ED = I). 'J

Equations (15) and (18) show that the volumetric-deviatoric split can be formulated
as additive for any choice of finite strain tensor. However, same as before, eg') in general

'J

depends on J, i.e. on the volume change. In this regard, the same comments apply as stated
before. However, the case of logarithmic (or Hencky) strain (m = 0, egns 18 and 19) is an
exception. The logarithm strain provides the only additive volumetric-deviatoric decompo­
sition in which the deviatoric finite strain tensor is independent of volume change. Unfor­
tunately, this advantageous property is offset by greater complexity in converting the stress
tensor that is work-conjugate to logarithmic strain to the 2PK and Cauchy stress tensors.
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3. CONSTITUTIVE ADJUSTMENT EQUIVALENT TO CHANGING FINITE STRAIN
MEASURE

If practical calculations are limited to the Green-Lagrange strain tensor, it is necessary
to consider in the finite strain constitutive equation the degrees of freedom that are equi­
valent to an arbitrary change in the finite strain measure. Such degrees of freedom have
been ignored in the past practice.

When the finite strain tensor used as the input of a constitutive subroutine is the
Green-Lagrange strain, the output is the work-conjugate stress tensor called the second
Piola-Kirchhoff (2PK) stress tensor. The Cauchy stress tensor Sij, which is also called the
true stress tensor and represents the actual forces acting on a small unit cube cut out from
the deformed material, is easily calculated as Sij = (hmFikFJm/J (see, e.g. eqns 11.2.9 and
11.2.13 in Bazant and Cedolin, 1991). If a finite element program calculates some other
finite strain tensor, such as Biot's or the logarithmic one, this strain tensor may first be
converted to the Green-Lagrange finite strain tensor so that the output stress tensor would
be 2PK.

A change in the choice of finite strain tensor is manifested by a change of the cor­
responding objective stress rate (Bazant and Cedolin, 1991, eqn 11.3.19) ; but this, in turn,
has been shown to be equivalent to a change in the tangential stiffness moduli of the
material (Bazant, 1971; Bazant and Cedolin, 1991, eqn 11.4.4). Therefore, a change in the
choice of finite strain tensor must be equivalent to a certain change in the functions
describing the constitutive properties which introduces additional degrees of freedom in
the fitting of test data. The question is how to formulate these degrees of freedom in an
approximate but effective manner.

Any finite strain tensor ii, of components iiij, may be expressed as

ii = G(I:) (20)

where G is a tensor-valued one-to-one nonsingular mapping of Green-Lagrange strain
tensor I: having components eij' Most generally, this function may be defined in terms of
the spectral decomposition:

3

ejk = L g(r.(i)nJi)n~)
i=l

(21)

where nJi) (with i = 1,2,3) are the direction cosines of the principal axes of tensor I: (which
are the same for any other tensor ii, i.e. all the finite strain tensors are coaxial) ; e(i) = prin­
cipal Green-Lagrange strains; and g(e) is any real continuous monotonically increasing
function such that g(O) = 0 and g'(O) = I, defined for r.E( -0.5, co) [note that e = -0.5
corresponds to UI,I = -I and thus represents the case in which a finite line segment is
compressed into a point; values e ~ -0.5 are physically impossible]. Equation (21) is
analogous to that given by Ogden (1984) and Rice (1993) in terms of the principal stretches
}'(i) = J 1+ 2e j • The Doyle-Ericksen finite strain tensors (14) are obtained by setting

1 '0
g(r.) = - [(1 + 2r.)m,~ -I] for m # 0

m

=~ln(1+2r.) for m=O (22)

where m can be any real constant.
As established by Hill (1966), the stress tensor ii that is conjugate to ii must be defined

energetically by ii: bii = a: bll. This variational equation requires that the work of the
conjugate stresses on any variations of the corresponding finite strains must be the same
for any chosen finite strain tensor. Rearranging this variational equation as [ii: (oii/ol:) - a] :
£51: = 0, we note that it is satisfied if and only if [...] = 0 or
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(23)

in which Ukl' Gkl = components of tensors ii, G; and the colon refers to a doubly contracted
tensorial product. Alternatively, rearranging the variational equation as [0': (oe/oe) -ii] :
be = 0, we further note that it is satisfied if and only if

_ 08(e)
0' = O':~ or (24)

where 8(e) is the tensor-valued mapping inverse to G(e), such that e = H(e).
Let us now restrict consideration to nonlinear constitutive laws for which, within a

certain range, the stress can be considered a function of strain (this is for certain reasons
appropriate within a limited range even for finite strain plasticity; Simo and Ortiz, 1985).
We may express the constitutive law for any chosen finite strain measure in the form
ii = j(e). In this constitutive relation, the stress tensor if that is conjugate to eought to be
used, andjis a tensor-valued function that defines the constitutive law. According to eqns
(20) and (23),

_ oG(e)
0' = f[G(Il)] :-;,- = f(e).

(;e
(25)

Conversely, if the constitutive law is defined for the Green-Lagrange strain measure in the
form 0' = f(e) , it follows from eqn (24) that

oH(e) _
if = f[H(8)]: -~~ = fee).

oe
(26)

Calculation of the 6 x 6 matrix of the components of fourth-rank tensor oG(e)/oe in eqn
(25) is not easy. Since general powers of tensors are involved, the spectral representation
of tensors needs to be introduced, and a system of six linear equations, resulting from 12
variational conditions with six restrictions, must be set up and solved numerically.

Equation (25) demonstrates that any constitutive law given by tensor-valued function
jthat relates the conjugate stress tensor uij to the strain tensor Blj must be equivalent to the
constitutive law given by a certain other tensor-valued function/that relates the 2PK stress
tensor (Jij to the Green-Lagrange strain tensor 81/, Conversely, eqn (26), demonstrates again
that any constitutive law given by tensor-valued function/that relates the 2PK stress tensor
(Jlj to the Green-Lagrange strain tensor f,lj must be equivalent to the constitutive law given
by tensor-valued functionjthat relates the conjugate stress tensor alj to Bij. So, it is not only
inconvenient, but in principle unnecessary to consider any finite strain measure other than
the Green-Lagrange strain measure.

The foregoing conclusion complements the previous conclusion that, in incremental
elastic (hypoelastic) constitutive laws, all objective stress rates associated with different
strain measures are equivalent. Changing from one objective stress rate to another is
tantamount to changing the tensor of tangential elastic moduli as a linear function of the
initial stress (Bazant, 1971 ; Bazant and Cedolin, 1991, Section 11.4). The objective stress
rate associated with the Green-Lagrange strain tensor is Truesdell's rate, and no other
objective stress rate needs to be used.

4. GENERALIZATION OF SMALL-STRAIN CONSTITUTIVE RELATION TO FINITE
STRAIN

Consider now that the small-strain constitutive law s = <p(e) is given with e, s = small
(linearized) strain tensor and stress tensor. To generalize this constitutive law to finite
strain, a widespread practice has been to simply replace the small strain tensor e by the
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Fig. 3. Finite strain transformation functions.

Green-Lagrange finite strain tensor 8, or some other finite strain tensor. However, such a
practice is incorrect. Although it would be inconvenient to use strain measures other than
Green-Lagrange, the degrees of freedom that are equivalent to the use of other possible
finite strain measures must be introduced in the correct generalization.

So one must consider, at least approximately, all possible transformations of the small­
strain constitutive law that are equivalent to passing from function I(B) to any other
function JCE) given by eqns (25) and (26). Because such transformations can arbitrarily
change all the terms of the Taylor series expansion of the constitutive law higher than the
linear terms, the finite-strain generalization of the small-strain constitutive law may consist
of a replacement of the small strain tensor e in this law by some strain transformation
function Y(8) [Fig. 3] of the following properties: (l) it must be isotropic; (2) the linear
term of its Taylor series expansion is 8, with the constant term vanishing; and (3) the
transformation is one-to-one (nonsingular). This means that the generalization of the small­
strain constitutive law to finite strain may be considered in the form

1(8) = tj)[Y(8)]. (27)

It must be emphasized that y is not an alternative strain measure. Rather, transformation
y accounts for both the transformation of the strain tensor and the inverse transformation
of the conjugate stress tensor, in a combined manner.

In view of the Cayley-Hamilton theorem, the most general possible transformation
may be written as

(28)

where p, q, r are smooth functions of the invariants of 8. In practice, however, the available
test data for large deformations of structures will hardly suffice to calibrate these functions.
As the simplest approximation which should suffice in practice, one may assume that r = 0,
p = (l +BoY and n, q are two constants to be calibrated by large deformation experiments.
Note that n = - 2 cancels the dependence of BD on 80, which confirms that this dependence

'J

is not objectionable.
A rather simple formulation which is equivalent to function Y(8) is possible for the

microplane model, to which the present formulation has been applied (Bazant et aI., 1995).
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5. CONVERSION OF GENERAL WORK-CONJUGATE STRESSES TO 2PK

To convert the general work-conjugate stress tensor to the 2PK, we introduce the
spectral representation (21) into the variational equation (1k/&kl = (JkIJSk/' In taking the
variations, we must take into account the rotation of the principal axes of strain. The result
IS:

in which JOij are the components of the antisymmetric tensor called the spin of Lagrangean
principal axes (e.g. Ogden, 1984, p.128). Its components are:

(30)

Equation (29) can be rearranged to the form: (.. ')&(1) +(.. ')&(2) +(.. ')&(3) +(...)JO(l2) +
(...)JO(l3) +(...)JO(23) = O. The six variations &(1)' &(2)' &(3)' J012, JOl3 and J023 are
independent and can be chosen arbitrarily. It follows that the six (unwritten) expressions
in parentheses must vanish. This leads to the following system of six equations:

(31)

(32)

Since these equations apparently are unavailable in the literature, it may be convenient for
the readers to give them in matrix component form, in which they need to be programmed:

(n\I)2 (n~I)2 (n~I)2 2n\l)n~l) 2n~l)n~l) 2n~l)n\l)

(n\2)2 (n~2)2 (n~2l)2 2n\2)n~2) 2n~2)n~2) 2n~2ln\2)

(n\3)2 (n~3)2 (n~3l)2 2n\3)n~3) 2n~3)n~3l 2n~3ln\3)

1: 12 -1:2l 0 1:22 -1: 11 -1:31 1:32

0 1:23 -1:32 1: 13 1:33 -1:32 -1:12

1: l3 0 -1: 31 1:23 -1:21 1:33 -1:11

- '( ) (I) (I)(1jkg 1:(1) nj nk

Gjkg' (1:(2)ny)nk2)

Gjkg' (1:(3)nj3 lnk3)

Glkek2 -G2kekl

G2kekJ - G3kek2

G3kek 1 - Glkek3

Because (1 and Il are symmetric tensors, eqn (32) may simply be written as

GIl-IlG = its-sit

or

asym (Gil) = asym (its)

where "asym" denotes the antisymmetric part of the tensor.

(33)

(34)

(35)
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The foregoing results may be summarized in the following simple theorem: (1 is work­
conjugate to I: if and only if (i) aD;; = (1DI: for nonrotating principal directions, and (ii)
tensor asym (ail) is invariant with respect to the choice of finite strain tensor.

For the special case of Biot strain tensor;; = U-I (m = 1), it has been checked that
the aforementioned theorem (or eqns 32 and 35) is satisfied by the well-known simple
relation a = (U(1+(1U)/2 (see, e.g. Bazant and Cedolin, 1991, eqn 11.2.21). Only in this
case, the principal values and principal axes of the Green-Lagrange strain tensor need not
be calculated. For any other finite strain tensor, they need to be calculated, which may
cause a grave penalty in terms of computer time if the stress tensor needs to be converted
for each integration point of each finite element in each loading step. For this reason, the
logarithmic strain, which has the advantage that the additive deviatoric strain is independent
of volume change, will prove difficult to use in practice (another reason is the difficulty of
calculating its rate; see, e.g. Gurtin and Spear, 1983; Hill, 1970).

6. CONCLUSIONS

(l) In generalizing a small-strain constitutive equation with inelastic dilatancy and
pressure sensitivity to finite strain, the following three conditions must be satisfied: (1) the
volumetric strain tensor must express the relative volume change of the material exactly,
and (2) it must vanish for purely deviatoric (isochoric) deformations, and (3) the deviatoric
(isochoric) strain tensor must vanish for purely volumetric deformation.

(2) The additive volumetric-deviatoric finite strain decomposition is advantageous for
generalizing small-strain constitutive relations with such decomposition of finite strain. In
general, the volumetric and deviatoric finite strain tensors for the volumetric and deviatoric
transformations are not additive, but they can be made additive (without violating the
foregoing three conditions) if the finite strain tensor for the deviatoric transformation is
scaled by a function ofvolumetric strain. The consequence is that, except for the logarithmic
(Hencky) strain tensor, the deviatoric (isochoric) strain tensor changes if the volumetric
strain does. This feature is acceptable for materials such as concrete or rock in which the
volumetric strains cannot be very large even if the deviatoric (isochoric) strains are very
large. Even if the volumetric strain is large, it may be possible to compensate for this feature
by the constitutive relation. Additive decomposition with deviatoric (isochoric) strain
independent of volume change can be achieved if and only if the logarithmic (Hencky)
finite strain measure is used, but at the cost of unnecessary complication of analysis.

(3) Although no loss of generality is incurred if the finite strain generalization of a
small-strain constitutive model is based on the Green-Lagrange finite strain measure (with
the work-conjugate second Piola-Kirchhoff stress tensor), it is insufficient to simply replace
the small (linearized) strain tensor by the Green-Lagrange finite strain tensor. Rather, the
small strain tensor in the constitutive law must be replaced by a sufficiently general tensorial
transformation of the Green~Lagrange finite strain whose parameters approximately reflect
the degrees of freedom equivalent to choosing any different finite strain measure.

(4) The stress tensor a that is work-conjugate to any chosen finite strain tensor I: may
be calculated from the condition that (i) the work expression a(jil for nonrotating principal
directions, and (ii) tensor asym (ail) in general, are invariant with respect to the choice of
finite strain tensor.

Acknowledgements-Partial financial support under contract 0650-350-C403 between Waterways Experiment
Station (WES), Vicksburg, Mississippi, and Northwestern University (monitored by Dr J. Zelasko) is gratefully
acknowledged. Thanks are due to Prof. Brian Moran of Northwestern University, Prof. John R. Willis of
University of Cambridge, U.K., Dr Marc Adley, scientist at WES, and Dr Milan Jirasek, scientist at Swiss Federal
Institute of Technology (EPFL), Lausanne, for some stimulating discussions.

REFERENCES

Atluri, S. N. (1984). Alternate stress and conjugate strain measures, and mixed variational formulations involving
rigid rotations, for computational analyses of finitely deformed solids, with application to plates and shells-I.
Theory. Computers and Structures 18,93-116.



Small-strain constitutive relations 2897

Bazant, Z. P. (1971). A correlation study of incremental deformations and stability of continuous bodies. 1. Appl.
Mech. Trans. ASME 38,919-928.

Bazant, Z. P. and Cedolin, L. (1991). Stability of Structures: Elastic, Inelastic, Fracture and Damage Theories.
Oxford University Press, New York.

Bazant, Z. P. (1994) Finite strain generalization of small-strain constitutive relations and volumetric-deviatOlic
split. Report 94jC425f, Dept. of Civil Engrg, Northwestern University, Evanston, IL.

Bazant, Z. P. (1995). Additive volumetric-deviatoric split of finite strain tensor and its implication for cracking
models. Proc. 2nd Int. Con! on Fracture Mechanics of Concrete and Concrete Structures (FraMCoS2) (Edited
by F. H. Wittmann), Zurich, July 1995, pp. 1021-1026.

Bazant, Z. P., Bishop, F. C. and Chang, T.-P. (1986). Confined compression tests of cement paste and concrete
up to 300 ksi. J. Am. Concrete Inst. 83, 553-560.

Bazant, Z. P., Xiang, Y. and Prat, P. C. (1995). Microplane model for concrete: I. Stress-strain boundaries and
finite strain. ASCE J. Engng Mech. 121 (in press).

Biot, M. (1965). Mechanics of Incremental Deformations. John Wiley. New York.
Doyle, T. C. and Ericksen, J. L. (1956). Non-linear elasticity. Advances in Applied Mech. 4, 53-115.
Flory, T. J. (1961). Thermodynamic relations for high elastic materials. Trans. Faraday Soc. 57, 829-838.
Fox, N. (1968). On the continuum theories of dislocations and plasticity. Quart. J. Appl. Math. 21, 67-75.
Green, A. P. and Naghdi (1971). Intern. J. Engng Sci. 9,1219.
Gurtin, M. E. and Spear, K. (1983). On the relationship between the logarithmic strain rate and the stretching

tensor. Int. J. Solids Structures 19,437-444.
Hill, R. (1966). Generalized constitutive relations for incremental deformations of metal crystals by multi-slip. J.

Mech. Phys. Solids 14, 95-102.
Hill, R. (1968). On constitutive inequalities for simple materials. J. Mech. Phys. Solids 16, 229-242, 315-322.
Hill, R. (1970). Constitutive inequalities for isotropic solids under finite strain. Proc. Roy. Soc. London A 314,

457.
Kroner, E. (1960). Allgemeine Kontinuumstheorie der Versetzungern und Eigenspannungen. Arch. Ration. Mech.

Anal. 4, 273-334.
Lee, E. H. (1969). Elastic-plastic deformations in finite strains. ASME J. Applied Mech. 36, 1-60.
Lee, E. H. and Liu, D. T. (1967). Finite-strain elastic-plastic theory with application to plane-wave analysis. J.

Appl. Phys. 38, 19-27.
Lubliner, J. (1986). Normality rules in large-deformation plasticity. Mech. Materials 5,29-34.
Lubliner, J. (1990). Plasticity Theory. Macmillan, New York (Section 8.2).
Malvern, L. E. (1969). Introduction to the Mechanics of a Continuous Medium. Prentice Hall, Englewood Cliffs,

NJ.
Mandel, J. (1973). Equations constitutives et directeurs dans les milieux plastiques et viscoplastiques. Int. J. Solids

Structures 9, 725-740.
Mandel, J. (1976). Adaptation d'une structure ecrouissable. Mech. Res. Comm. 3, 251-258, 483-488.
Mandel, J., Zarka, J. and Halpen, B. (1977). Adaptation d'une structure e1astoplastique aecrouissage cinematique.

Mech. Res. Comm. 4, 309-314.
McMeeking, R. M. and Rice, J. R. (1975). Finite element formulations for problems of large elasto-plastic

deformation. Int. J. Solids Structures 11, 601-616.
Ogden, R. W. (1984). Non-linear Elastic Deformations. Ellis Horwood, U.K.
Pinski, P. M., Ortiz, M. and Pister, K. S. (1983). Numerical integration of rate constitutive equations in finite

deformation analysis. Computer Meth. in Appl. Mech. Engng 40,137-158.
Rice, J. R. (1970). On the structure of stress-strain relations for time-dependent plastic deformation of metals.

ASME J. Applied Mech. 37, 728-737.
Rice, J. R. (1993). Mechanics of solids. In Encyclopedia Brittanica (15th edn), Vol. 23, pp. 737-747 and 773.
Rubinstein, R. and Atluri, S. N. (1983). Objectivity of incremental constitutive relations over finite time steps in

computational finite deformation analyses. Computer Meth. in Appl. Mech. Engng 36, 277-290.
Sidoroff, F. (1974). Un modele viscoelastique non lineaire avec configuration intermediaire. J. de Mecanique 13,

679-713.
Simo, J. C. (1985). On the computational significance of the intermediate configuration and hyperelastic consti­

tutive equations. Mechanics of Materials 4, 439-451.
Simo, J. C. (1988). A framework for finite strain elastoplasticity based on maximum plastic dissipation and the

multiplicative decomposition. Computer Methods in Appl. M echo Engng 66, 199-219 and 68, 1-31.
Simo, J. C. and Ortiz M. (1985). A unified approach to finite deformation elasto-plasticity based on the use of

hyperelastic constitutive equations. Computational Meths. in Applied Mech. Engng 49, 177-208.


